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ABSTRACT 
Several models have been proposed to describe the 

relationship between cutting parameters and machining outputs 

such as cutting forces and tool wear. However, these models 

usually cannot be generalized, due to the inherent uncertainties 

that exist in the process. These uncertainties may originate from 

machining, workpiece material composition, and 

measurements. A stochastic approach can be utilized to 

compensate for the lack of certainty in machining, particularly 

for tool wear evolution. The Markov Chain Monte Carlo 

(MCMC) method is a powerful tool for addressing uncertainties 

in machining parameter estimation. The Hybrid Metropolis-

Gibbs algorithm has been chosen in this work to estimate the 

unknown parameters in a mechanistic tool wear model for end 

milling of difficult-to-machine alloys. The results show a good 

potential of the Markov Chain Monte Carlo modeling in 

prediction of parameters in the presence of uncertainties. 

INTRODUCTION 
Understanding tool wear is highly important since it causes 

20% of machining downtime [1]. A worn out tool deteriorates 

surface finish and dimensional accuracy, and is eventually 

detrimental to machine health. Studying tool wear in different 

manufacturing processes goes back over a half century [2]. 

Since then, several researchers proposed various models to 

predict tool wear. There are many reasons that complicate tool 

wear studies such as its unknown dynamic evolution, 

dependence on material, temperature and cutting conditions, as 

well as existence of different tool wear mechanisms, and 

uncertainties in measuring tool wear [2]. The first step in 

studying tool wear is choosing an appropriate model. Models 

that are being used in tool wear studies can be divided into 

three different classes. Empirical models characterize tool wear 

through running multiple experiments in different cutting 

conditions and fitting an appropriate function to represent the 

relationship between the inputs and the outputs. Taylor’s tool 

life model is the cornerstone to these types of models, and is 

used frequently [3-4]. Mechanistic models characterize tool 

wear as one of the inputs to the cutting force and power models. 

Fu et al. used cutting force model and Cuppini et al. used 

cutting power model to monitor tool wear [5-6]. Dynamic 

models characterize the dynamics of tool wear in the state 

space format. These models are very hard to derive and need 

extensive tests for validation. Danai et al. used dynamic models 

for online tool wear prediction during machining, however they 

showed that online prediction of crater wear is not accurate 

because of the incomplete model and inherent uncertainties of 

wear [7-8]. 

In all of the above models, one neglected factor is the 

stochastic behavior of tool wear. Due to this stochastic nature, 

it is essential to treat the model parameters as stochastic 

elements with certain probability distributions to be identified. 

Bayesian data analysis is a technique used in a wide variety of 

applications and it can be implemented for studying tool wear. 

Mehta et al. used this method for parameter identification in 

cutting force and spindle idle power model of turning [9-10]. 

Karandikar et al. used Bayesian parameter identification for 

estimating Taylor tool life model parameters in machining [11-

12]. The power of Bayesian data analysis lies in the fact that 

because of incorporating initial knowledge to the current 

knowledge, fewer experiments are required for estimation. The 

Gibbs sampler and Metropolis sampling method are the most 

commonly used methods in Bayesian data analysis. 

The objective of this work is to investigate the performance 

of the Metropolis-Gibbs algorithm as one of the Bayesian 

techniques for parameter identification in mechanistic tool wear 

model in milling hard-to-machine alloys when a limited 

number of experiments are available. The organization of this 
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work is as follows: The theoretical background Markov Chain 

Monte Carlo including Gibbs and Metropolis sampler is 

described in section 2. In section 3, the selected mechanistic 

tool wear model and unknown parameters are identified. The 

experimental setup is described in section 4. Implementation of 

MCMC algorithm is discussed in Section 5, and results and 

conclusions are provided in sections 6 and 7. 

THEORETICAL BACKGROUND 
Bayes Rule 

Bayesian data analysis is a powerful tool used for 

statistical inference. Thomas Bayes introduced the Bayesian 

inference and proposed the basic formulation, known as the 

Bayes rule, in the 18
th

 century. According to the Bayes rule, the 

probability of an event θ (i.e. p(θ|y)) can be derived by 

conditionally multiplying the initial belief or previous 

knowledge of analyst, θ, to the observed data set p(y|θ) and 

using the marginal distribution of observed data (i.e. p(y)) (Eq. 

1). This marginal distribution can be derived as shown in Eq. 

(2). 
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In many cases of Bayesian inference, finding a closed form 

solution of the marginal distribution is somewhat tedious or 

even impossible, so it is more convenient to treat p(y) as a 

normalizing constant. 

Gibbs Sampler 

In general, non-conjugate priors or multi-parameter 

estimation can make sampling from the posterior distribution 

almost impossible. In this case, the Gibbs sampler is proposed 

[13] as one of the Markov Chain Monte Carlo methods to 

sample from a posterior distribution. To implement the Gibbs 

sampler, the closed form solution of full conditional of each 

parameter given all the remaining parameters is required. To 

illustrate how this approach works, one needs to consider a 

linear regression model (Eq. 3): 

T

iY X    (3)  

where Yϵ{y1,…,yn} is the set of observations, βi 
is an unknown 

coefficient, X=[x1,…,xi]
T
 is a set of known variables and ε is the 

measurement error, which is assumed to be normally 

distributed with zero mean and unknown variance σ
2
. In this 

case, there are two unknown values- βi and σ
2
) that should be 

identified in Bayesian framework. To implement Gibbs 

sampler, closed from solution for the full 

 

 conditional of unknown parameters is required. Assuming an 

initial belief for unknown coefficients with mean β0 and 

variance Σ0, full conditional of βi 
can be written as: 

2
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where βn and Σn 
are formulated as shown in Eq. (5-6): 
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The other step is calculating the full conditional of σ
2
 given 

everything else. This can be written as below: 
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where v0 and σ0
2 are the sample size and sample variance of 

prior for σ
2
, respectively, SSE is the sum of squared errors equal 

to ∑ (Yi-β
T
X)

2n
i=1  and n is the number of observations.  

Metropolis Algorithm 

The Gibbs sampler is an easy to implement and practical 

method in the case of linear models, while for nonlinear models 

or in cases where closed form solution of full conditional is not 

available, it does not work properly. Another technique was 

proposed by Nicholas Metropolis in 1953, where a new 

distribution called proposal density is used to approximate the 

actual target density, i.e. posterior distribution of parameters 

[14]. Because proposal density does not fully capture the 

features of target density, an acceptance-rejection method 

should be used to reject the samples that are generated from 

regions with lower probability of occurrence. Below is the step 

by step procedure for Metropolis algorithm [14].  

(1) Selecting a candidate point from proposal density: 

*     {1,2,..., }s

i i sq s N      

2~ (0, )sq N   (8)  

where β
i

*
 is the candidate point generated from perturbing the 

current position of chain, β
i

s
 is the current position of chain, and 

qs is a sample from the proposal density function. In practical 

applications, a symmetric proposal density (i.e. normal 

distribution with zero mean and variance δ
2
) is used as proposal 

density function. In this work, a method of Solonen [15] based 

on calculating the Jacobian matrix is used to find the proposal 

density variance. 

(2) Calculating acceptance ratio:  
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where p(β
i

s) and p(β
i

*
) are calculated from the probability 

distribution of the initial belief, which is a normal distribution 

with mean β0 and variance Σ0. 

(3) Selecting a point U from a uniform distribution [0,1]  

(4) Finding α=min{U,r}  

(5) Accepting or rejecting the candidate point: 
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MECHANISTIC MODEL OF TOOL WEAR 
Altintas et al. showed that the tangential force in milling 

can be described as below [16]: 

sinc

t pF Kh a f 
 
 (12)  

where K and c are constants, h̅ is the mean chip thickness, ap is 

the depth of cut, f is the feedrate and φ is the instantaneous 

angle of rotation (Figure 1).  

 
FIGURE 1: MILLING SCHEMATIC [17] 

It was shown that with an increase in tool wear, the 

magnitude of the cutting force increases as well [18]. Waldrof 

et al. showed that the change in magnitude of tangential force 

(Ft) is a function of material hardness (H), friction coefficient 

(μ), tool flank wear (VB) and tool wear length (s) (Eq. 13) [19]. 

Shao et al. derived average cutting power in milling [17] which 

is simplified in this work (Eq. 14), with the assumption of 

constant depth of cut, where P is the cutting power, N is cutting 

velocity and K1, K2 and K3 are unknown constants in Eq. 14 that 

needs to be identified. 

wear

tF VBHs  (13)  

2

1 3

K
P K Nf K NVB   (14)  

EXPERIMENTAL SETUP 
Material used for this experimental study is Rene-108 (R-

108). An OKUMA GENOS M460-VE 3-axis CNC machine 

was used to end mill (in down-milling direction) rectangular 

blocks of size 60 × 80 × 25 mm, using a water-soluble coolant. 

A 2-flute indexable tool holder with a diameter of 15.875 mm 

was used, and the width of cut was chosen to be 9.5 mm that 

corresponds to 60% tool engagement, as this was the maximum 

manufacturer recommendation for the particular tool holder. 

Full length of the blocks (60 mm) was utilized for machining. 

At the chosen width of cut, 8 tests were conducted on each 

block: 4 tests with 2 replications. 4 additional tests were also 

conducted to cover the full range of cutting conditions for 

validating the estimation. Depth of cut for each pass is kept 

constant at 0.5 mm, and cutting velocity and feedrate were 

changed as excitation factors for parameter identification. Tool 

Monitoring Adaptive Controller (TMAC) installed on the 

machine was used for measuring spindle current to monitor 

spindle power consumption in real time. However, due to the 

low sampling frequency of TMAC software (~50 Hz), an 

external data acquisition device (DAQ) was programmed to 

capture the data with high sampling rate. To measure spindle 

power in high sampling frequency, the output of the TMAC 

transducer (Figure 2) was fed into the NI9215 analog input 

module mounted on NI-cRIO9103 chassis programmed with 

LabVIEW2010. Data was collected in voltage at sampling 

frequency of 10.24 KHz.  

 

OKUMA 3 Axis

NI - cRIO

TMAC 

Tranducer

PC - Host

Spindle Power
 

FIGURE 2: DATA ACQUISITION WITH NI-cRIO9103 

Tests for R-108 were designed in a fashion that the effect of 

each parameter can be observed, therefore selecting a high and 

a low level of cutting speed and feedrate. Two levels of cutting 

speed at 25 and 50 m/min, two levels of feedrate at 0.1 and 0.2 

mm/rev, and a constant depth of cut of 0.5 mm were used to 

identify the constants K1, K2 and K3 in Eq. 14. These cutting 

parameters were selected at both their relatively mild values to 
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show the behavior of the inserts under normal machining 

conditions, and at their relatively aggressive values to show the 

behavior of the inserts under high material removal rate 

conditions. Cutting parameters for validation tests were 

selected between the mild and aggressive values. Design of 

Experiment (DoE) used in this work is shown in Table 1. 

Spindle power consumption was measured for each pass. As 

shown in Figure 3 for cutting power at cutting velocity of 50 

m/min and feedrate of 0.1 mm/rev, the increase in the power 

illustrates the developing tool flank wear during the cutting 

process. The mean value of cutting power between 42-48 mm 

cutting distances (70-80% of total cutting distance) was 

selected as the average cutting power affected by tool flank 

wear at each test. One portion of this value is contributed to the 

power required to cut the workpiece (i.e. K1Nf
K

2), and another 

portion is due to the effect of tool wear on increasing cutting 

power magnitude (i.e. K3NVB). 

Inserts used in this work were Sandvik Coromill (R390-11 

T3 08M-PM 1030). The 1030 grade is recommended by 

Sandvik for milling R-108 due to its resistance to material 

build-up on the cutting edge and plastic deformation [20]. Fresh 

unworn inserts were used for each test, and flank wear on the 

bottom edge of each insert was measured using an Olympus 

optical microscope and average flank wear was calculated. 

Measured tool flank wear for tests 1-4 is shown in FIGURE 4. 

TABLE 1: DOE TABLE FOR END MILLING R-108 

Test # 
Vc 

(m/min) 

f 

(mm/rev) 

P  

(10
-3 

hp) 

VB 

(μm) 

1 25 0.1 36 88 

2 25 0.2 57 73 

3 50 0.1 82 85 

4 50 0.2 154 113 

5 25 0.1 36 88 

6 25 0.2 47 82 

7 50 0.1 62 97 

8 50 0.2 165 82 

 

INFERENCE ON MODEL PARAMETERS 
The target of this work is to identify unknown parameters K1, 

K2 and K3 and measurement error variance σ
2 

in the case of 

limited number of experiments. Due to the nonlinearity of Eq. 

14, finding the full conditional of the unknown parameters is 

impossible but the full conditional of measurement error 

variance (σ
2
) is available, so Hybrid Metropolis-Gibbs 

algorithm was used for inference. In FIGURE 5, the flow chart 

of the algorithm is shown. 

Note that because full conditional of σ
2
 is available, all the 

samples from Gibbs sampler are accepted automatically. The 

prior belief for unknown parameters is chosen as normal 

distribution with the equal mean (equal to 1) and a large 

covariance matrix (Eq. 15). The prior belief for measurement 

covariance is chosen as inverse gamma function with ν0=1 and 

σ0
2=100 (Eq. 16). 

 
FIGURE 3: CUTTING POWER OF TEST 3, Vc=50 M/MIN, f=0.1 

MM/REV 

  

   
FIGURE 4: MEASURED FLANK WEAR FOR TESTS 1-4 

 

(15)  

 
(16)  

To avoid singularity of covariance matrix, spindle power 

consumption is divided by 1000 so that K1 and K3 are in the 

same range as K2. The rest of this study is based on normalized 

value of K1 and K3. The optimal value of unknown parameters 

was calculated from data in Table 1 using unconstrained 

derivative free optimization method. This method uses simplex 

search algorithm described by [21]. At each iteration, new 

points are generated around the simplex, and the points with the 

lowest output function are rejected. The process is repeated 

until the optimal points that minimize the output function are 

discovered. Note that this method only finds local maxima of 

the function. 

   1 2 3 0.94 1.21 0.15
T T

opt
K K K   (17)  
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FIGURE 5: FLOWCHART OF Hybrid METROPOLIS-GIBBS ALGORITHM

The Jacobian matrix was calculated using K
opt

 for each test 

and proposal density covariance matrix was calculated using 

the Jacobian matrix of unknowns [15]. The optimal points K
opt

 

were used for initializing the Markov chain as well. The total 

number of points in the chain was selected as N=2000.  
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RESULTS 
MCMC trace plot for the parameters K1, K2 and K3 

following the procedure described in previous section with 

N=2000 points is shown in Figure 6. Usually the Markov chain 

needs some time to converge (burn-in period), so the first set of 

iterations are usually discarded to reduce the effect of initial 

errors at the start of the chain. In this work, the first 20% of the 

iterations (400 points) were discarded as burn-in period. After 

removing the first 400 points, the acceptance ratio was 

calculated as 19%. It is clear from low acceptance ratio and 

from Figure 6 that parameters were not able to converge to the 

posterior values. Current results can be used as the initial belief 

for the next MCMC run (Main Run). To do so, the mean and 

covariance matrices of the initial run (i.e. Pilot Run) were 

extracted from the chain and implemented as prior belief. The 

covariance matrix of parameters was used as the proposal 

density covariance as well, and the final point of the chain was 

used as the initial point of the new chain. For the Main Run, 

number of samples was N=10,000. 

 
FIGURE 6: TRACE PLOT OF PARAMETERS IN PILOT RUN 

A trace plot of parameters is shown in Figure 7. It was 

observed that the chain has converged and parameters mixed 

well. After removing the first 20% of the iterations (2,000 

points) as burn-in period, a comparison of each pair of 

parameters distributions are shown in Figure 8 to 10, where 

contour (a) is the initial belief (prior distribution) from the Pilot 

Run, and contour (b) is the posterior belief (current knowledge) 

of parameters. The multivariate posterior distribution of 

identified parameters is shown in Eq. 21. Figure 11 also 

demonstrates the improvement in the degree of uncertainties 

after each MCMC run. In other words, analysis starts with an 

initial degree of uncertainties which is collected from previous 

Select arbitrary starting point 

for Ki
0
 and σ

2
0

Estimate proposal 

density covariance δ
2

Choose prior belief for

Ki and σ
2
 

Set i=1 

Select three points (Zj) 

from uniform distribution 

U[0,1]

Calculate candidate points 

based on δ
2 
and Zj

Calculate acceptance ratio 

(r)

Select a random number 

from U[0,1] and calculate α 

U<α 

Accept point- 

move forward

YES

Reject point– remain 

at current position

i=i+1 
Sample σ

2
 from its 

full conditional

NO
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available data or a rational guess. The initial belief as shown in 

Figure 11 covers a wide range of possible values for unknown 

parameters (i.e. large variance, shown as red curve), however 

by running the MCMC algorithm and bringing new 

information, the range of possible values for unknown 

parameters shrinks and at the same time its probability 

distribution moves toward the true values of parameters (shown 

as blue and black curves). 

1

2

3

1.94 0.20 0.07 0.01

~ 1.79 , 0.07 0.04 0.02

0.43 0.01 0.02 0.02

K

K N

K
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      
            

 
(21)  

A gamma distribution of the inverse of measurement error 

variance (1/σ
2
) which was generated from the Gibbs sampler is 

shown in Figure 12, and the mode is chosen as the posterior 

value of measurement error variance σN
2 =44. 

Now that the unknown parameters are identified, the 

performance of the Bayesian inference can be evaluated using 

the validation tests. Table 2 shows the cutting parameters, 

spindle power consumption, and tool flank wear for each set of 

4 new tests. It is fairly straightforward to find the posterior 

distribution of observation (posterior predictive distribution) 

with the following algorithm: 

(1) Starting from i=1, i ϵ{1,2,…,N} 

(2) Sample K1
i ,  K2

i  and K3
i   from their posterior distribution  

(3) Sample σi
2 from posterior distribution of measurement 

error variance  

(4) Sample εi as measurement error, εi ~N(0,σi
2,) 

(5) Calculate the output for each set of 4 validation tests,  

Yi=K1
i Nf

 K2
i

+K3
i NVB+εi 

The expectation is that the measured power be within the 

95% confidence interval for each of the 4 tests. As shown in 

Figure 13 and 14, the model was able to predict the measured 

power with good accuracy. Percent error between the 

measurement and the prediction mean for each test is compared 

in Table 3. Maximum 18% error indicates that the algorithm is 

able to predict spindle power consumptions with good degree 

of accuracy which implies validity of identified parameters. 

 

FIGURE 7: TRACE PLOT OF PARAMETERS IN MAIN RUN 

 
FIGURE 8: K1 AND K2 DISTRIBUTION: (a) PRIOR INITIAL 

BELIEF (b) POSTERIOR PROBABILITY OF PARAMETERS 

 
FIGURE 9: K1 AND K3 DISTRIBUTION: (a) PRIOR INITIAL 

BELIEF, (b) POSTERIOR PROBABILITY OF PARAMETERS 

 
FIGURE 10: K2 AND K3 DISTRIBUTION: (a) PRIOR INITIAL 
BELIEF, (b) POSTERIOR PROBABILITY OF PARAMETERS 
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FIGURE 11: DISTRIBUTION OF PARAMETERS FOR PRIOR 
BELIEF, PILOT RUN AND MAIN RUN 

 

FIGURE 12: GAMMA DISTRIBUTION OF THE INVERSE OF 
MEASUREMENT ERROR VARIANCE 

TABLE 2: VALIDATION TESTS CUTTING CONDITION, 
MEASURED POWER AND TOOL FLANK WEAR 

Test 

# 

Vc 

(m/min) 

f 

(mm/rev) 

P 

(10
-3 

hp) 

VB 

(μm) 

1 30 0.18 64 84 

2 35 0.15 65 73 

3 40 0.12 56 92 

4 45 0.05 41 80 

TABLE 3: PERCENTAGE ERROR OF PREDICTION AND 
MEASUREMENT 

Test # 
Pmeasurment 

(10
-3 

hp) 

Ppredicted  

(10
-3 

hp) 

Error 

(%) 

1 64 75 17 

2 65 68 4 

3 56 66 18 

4 41 39 -5 

 

 
FIGURE 13: POSTERIOR PREDICTIVE DISTRIBUTION WITH 

95% CONFIDENCE INTERVAL (BLACK BARS) AND 
SPINDLE POWER (RED BAR) – VALIDATION TESTS 1-2 

 

FIGURE 14: POSTERIOR PREDICTIVE DISTRIBUTION WITH 
95% CONFIDENCE INTERVAL (BLACK BARS) AND 

SPINDLE POWER (RED BAR) – VALIDATION TESTS 3-4 

CONCLUSIONS 
This work deals with the Bayesian parameter identification 

of tool wear mechanistic model. This technique can be used 

when limited number of experiments are available, which is 

beneficial and cost effective in studying hard to machine alloys. 

The main conclusions are: 

 The Hybrid Gibbs-Metropolis algorithm was formulated for 

prediction of unknown parameters in nonlinear mechanistic 

cutting power model in milling of R-108. Metropolis 

algorithm with symmetric proposal density was used for 

predicting the model parameters, while Gibbs sampler used 

for updating measurement error variance. 

 A design of experiment with mild and aggressive cutting 

condition was used along with high frequency DAQ to 

capture wide range of tool wear and spindle power 

consumption. The performance of algorithm improved 

significantly after using a data from the first run of MCMC 

as prior belief for the second run. Predicted parameters were 

successful in estimating the spindle power consumption 

with a maximum 18% error and average error of 8.5%.  
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The results of this study can be used for monitoring tool 

wear when measuring cutting power by simply using the mean 

value of identified parameters and writing mechanistic tool 

wear equations in terms of tool flank wear as the output and 

spindle power consumption as the input. The identified 

parameters can also be used for online tracking of tool wear in 

industrial manufacturing plant with online Bayesian techniques 

such as Kalman filter or particle filter which is a subject of 

study for future work. 
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